We extend the Marsden-Weinstein-Meyer symplectic reduction theorem to the setting of multisymplectic manifolds. In this context, we investigate the dependence of the reduced space on the reduction parameters. With respect to a distinguished class of multisymplectic moment maps, an exact stationary phase approximation and nonabelian localization theorem are also obtained.
Introduction
A k-plectic structure on a smooth manifold M is a closed (k + 1)-form ω ∈ Ω k+1 (M ) which is nondegenerate in the sense that the assignment X → ι X ω defines an inclusion of vector bundles T M ֒→ Λ k T * M . This extends the familiar construction of a symplectic structure on M , constituting the case k = 1, to the setting of higher degree forms. As symplectic geometry forms the language of classical mechanics, so multisymplectic geometry provides a framework for classical field theories [53, 54] . We may thus characterize multisymplectic manifolds, together with the attendant dynamical formalism, as the mathematical extensions of physical classical field theories.
A major distinction between the symplectic and multisymplectic cases is that, while symplectic structures are not guaranteed to exist on a given manifold M , the k-plectic structures are generic in the space of closed (k + 1)-forms when dim M ≥ 7 and 3 ≤ k ≤ dim M − 2 [47, Theorem 2.2] (see also the discussion around [54, Theorem 3.11] ). It is thus natural to anticipate substantially weaker results in the general multisymplectic setting as compared with that of the symplectic. Indeed, this this will prove to be the case with regard to the failure of the multisymplectic reduction procedure to ensure the nondegeneracy of the reduced form, as described below.
Before outlining the structure of this paper, we first recall the reduction theorem in the original symplectic setting. We refer to [43, Chapter 2] for a more thorough review of this material according to the motivating physical perspective.
The smooth functions f ∈ C ∞ (M ) on a symplectic manifold (M, ω) individually encode infinitesimal symmetries X ∈ X(M ), L X ω = 0, according to the relation df = ι X ω. When a family of smooth functions (µ ξ ) ξ∈g , linear in ξ ∈ g, determines in this manner the fundamental vector fields ξ ∈ X(M ) of the action of a Lie group G on (M, ω), the action of G is said to be a (weakly) Hamiltonian action and the assignment µ : M → g * , encoding the functions (µ ξ ) ξ∈g through pointwise contraction µ ξ = µ, ξ , is called an associated (weak) moment map. We may remove the designation "weak" by imposing a Lie algebra homomorphism condition on the assignment ξ → µ ξ with respect to a natural Lie bracket on the space of smooth functions C ∞ (M ) associated to the symplectic structure ω.
The symplectic reduction theorem, due independently to Marsden-Weinstein [41] and Meyer [48] , exploits this interaction between functions and symmetries to systematically remove certain degrees of freedom on a symplectic manifold (M, ω) in the presence of a Hamiltonian action of G and an associated moment map µ : M → g * . Here we present the formulation of Marsden and Weinstein.
Theorem (Marsden-Weintstein) . Let G be a Lie group acting symplectically on the symplectic manifold (M, ω). Let µ : M → g * be a moment map for the action, and λ ∈ g * a regular value of λ. Suppose that G λ acts freely and properly on the manifold µ −1 (λ). Then if i λ : µ −1 (λ) → M is the inclusion, there is a unique symplectic structure ω λ on the reduced phase space M λ such that π * λ ω λ = i * λ ω where π µ is the projection of µ −1 (λ) onto M λ .
The symplectic reduction theorem has been adapted to the settings of contact structures [14, 59] , cosymplectic manifolds [1] , polysymplectic manifolds [40] , Courant structures [8] , quasi-Hamiltonian systems [2] . Reduction schemes have also appeared in the multisymplectic approach to classical field theory [12, 44, 58] . Reduction of general multisymplectic manifolds is discussed in [50, p. xxiv] and [46] , and the topic is treated in depth in [20] .
The aim of this paper is to extend the Marsden-Weinstein-Meyers symplectic reduction theorem to the multisymplectic setting, and to investigate the dependence of the reduced space on the reduction parameters.
We begin in Section 2 with a review of the theory of multisymplectic manifolds, broadly following the exposition of Ryvkin and Wurzbacher [54] and the earlier paper of Cantrijn, Ibort, and de León [10] . The main idea for our purposes is that certain (k − 1)-forms α ∈ Ω k−1 (M ) determine multisymplectic symmetries X ∈ X(M ), L X ω = 0, in a manner analogous to the symplectic case: namely, dα = ι X ω.
A key difference between our treatment and the usual conventions is that we define the k-plectic bracket on the space of Hamiltonian (k − 1)-forms Ω k−1 (M ) by means of the Lie derivative, {α, β} = L Xα β, instead of the interior derivative, {α, β} ′ = ι Xα dβ. The difference, an exact term dι Xα β, vanishes in the symplectic case. With respect to our conventions, the space of Hamiltonian forms Ω k−1 H (M ) inherits the structure of a Leibniz algebra, also called a Loday algebra, which are defined in [36] to consist of a vector space V and a bilinear mapping [ , ] : V × V → V satisfying the Jacobi identity but not necessarily antisymmetric. The usual multisymplectic bracket { , } ′ , on the other hand, is bilinear and antisymmetric, but does not satisfy the Jacobi identity. Both constructions { , } and { , } ′ descend to identical Lie brackets on the quotient of the space of Hamiltonian forms by the exact forms Ω k−1 H (M )/im d k−2 . In Section 3 we present a theory of multisymplectic moment maps and Hamiltonian actions. Our construction is similar to the covariant momentum map of classical field theory [22] and is broadly consistent with the framework presented by Echeverría-Enríquez, Muñoz-Lecanda, and Román-Roy [20] . We consider the k-plectic moment map as a g *valued differential form µ ∈ Ω k−1 (M, g * ) encoding a g-parameterized family of Hamiltonian (k − 1)-forms µ ξ = µ, ξ ∈ Ω k−1 (M ) which collectively generate the action of a group of symmetries G, subject to a certain Leibniz algebra compatibility condition.
Here we introduce the particularly tractable class of split moment maps: those that factor as µ = ν ∧ η ∈ Ω k−1 (M ), where ν : M → g * is a smooth function and η ∈ Ω k−1 (M ) is a closed form. Informally, we consider ν as formally identical to the symplectic g * -valued moment map, and view η as an auxiliary form. This class of moment maps is both convenient to work with and provides an approach by which the statements of many classical results of symplectic geometry, which describe a function from M into g * , may be interpreted in the multisymplectic context.
In Section 4 we present our first main result:
Theorem 4.1 (Multisymplectic Reduction). Let (M, ω, G, µ) be a k-plectic Hamiltonian system, let φ ∈ Ω k−1 (M, g * ) be a closed form, and let
is an embedded submanifold and G acts freely on µ −1 (φ), then there is a unique, closed
In contrast to the symplectic case, the reduced form ω φ ∈ Ω k−1 (M φ ) may be degenerate. This property is descriptive of the polysymplectic case as well [40] . Additionally, we describe the reduction of forms and vector fields in Theorem 4.3, and obtain some further results on the split Hamiltonian case in Proposition 4.4.
In Section 5 we investigate the dependence of the reduced space (M φ , ω φ ) on the closed form φ ∈ Ω(M, g * ). Our guiding model is the foundational result of Duistermaat and Heckman [18] .
Theorem (Duistermaat-Heckman). Let λ, λ 0 lie in the same connected component C of the set of regular values of the moment map µ. Then
where c ∈ H 2 (M λ , t) denotes the (common) Chern class of the fibrations q λ : µ −1 (λ) → M λ , λ ∈ C, and we have used the canonical identification of the H 2 (M λ , R) along any λ-path in C from λ 0 to λ.
Specifically, our aim is to describe the variation of the reduced form ω φ ∈ Ω k+1 (M φ ) with respect to infinitesimal variations of the closed parameter φ ∈ Ω k−1 (M, g * ), subject to certain assumptions on the structure of (M, ω) in the vicinity of µ −1 (φ). To this end, we introduce the notion of conjugate distributions on a multisymplectic manifold, in terms of which we present our second main result:
is a trivialization of T -principal bundles modeled on µ −1 (φ), and
ii. the fundamental distribution t is strongly conjugate to a distribution t * ⊆ T M with respect to a T -invariant form η ∈ Ω k−1 (M ),
In Section 6 we return to the setting of split moment maps and exhibit an exact stationary phase approximation and a nonabelian localization theorem. The statements and proofs follow easily by emulating the symplectic case. Such an approach may prove fruitful in extending further symplectic results to the multisymplectic setting.
We conclude in Section 7 with some ideas for further development. Specifically, we consider stronger and weaker reduction theorems, further analysis of split moment maps, interactions with more sophisticated multisymplectic realizations of the symplectic moment map, applications to infinite-dimensional symplectic manifolds, and multisymplectic quantization.
Throughout the text we frequently invoke a closed form η ∈ Ω k−1 (M ). In every instance the symplectic case is retrieved by taking k = 1 and η = 1 ∈ Ω 0 (M ).
Notation and Conventions. All manifolds M are assumed to be C ∞ and all Lie groups G are assumed to be compact. In particular, all actions are proper. Given an action of G on M , we define the fundamental vector field associated to ξ ∈ g by means of the identity ξf = d dt e −tξ f t=0 , so that ξ → ξ is a Lie algebra homomorphism. We denote the interior product and Lie derivative with respect to ξ ∈ X(M ) by ι ξ and L ξ , respectively, and adopt a similar convention in Sections 5 and 6 with respect to elements λ, τ ∈ g * . We denote the natural pairing on g * ⊗ g by , . For φ ∈ Ω * (M, g * ) and ξ ∈ g we write φ ξ for the pointwise contraction φ, ξ ∈ Ω * (M ). Thus if µ ∈ Ω k−1 (M, g * ) is a k-plectic moment map, thenμ : ξ → µ ξ is the associated comoment map. A Hamiltonian vector field X ∈ X(M ) is associated to a Hamiltonian form α ∈ Ω k−1 H (M ) by the relation dα = ι X ω, and the bracket is defined by {α, β} = L Xα β. In the symplectic case, this is {f, h} = −ω(X f , X h ).
Multisymplectic Manifolds
In this section we present the basic elements of multisymplectic manifolds. We refer to [10, 54] for further background on multisymplectic manifolds and to [21] for multivector calculus.
Let M be a smooth manifold.
is said to be a k-plectic structure on M if it is closed and nondegenerate, in the sense that the map
is an inclusion of vector bundles on M . A multisymplectic structure on M is a k-plectic structure on M for some k ≥ 1.
If we omit the nondegeneracy condition, then ω is said to be a premultisymplectic structure on M .
i. If (M 2n , σ) is a symplectic manifold, then σ ℓ is a (2ℓ − 1)-plectic structure on M for 1 ≤ ℓ ≤ n. This class of multisymplectic manifold is the topic of [6] .
ii. Let G be a semisimple Lie group and , an Ad-invariant metric on g. For example, we may take , to be the Killing metric. The unique bi
where θ,θ ∈ Ω 1 (G, g) are the left and right Maurer-Cartan forms on G, respectively.
iii. Let π E : E → Σ be a smooth fiber bundle. We say that an element
for all vertical tangent vectors v 1 , . . . , v ℓ+1 ∈ ker d(π E ) x , and denote by π :
and the canonical k-plectic structure on Λ k ℓ T * E is defined to be −dθ ∈ Ω k (Λ k ℓ T * E). The space of semihorizontal k-forms Λ k 1 T * E plays a foundational role in the covariant Hamiltonian approach to classical field theories [22, 53] and in this respect may be considered to represent the fundamental example of a multisymplectic manifold.
See [54, Section 3] for an abundance of further examples.
Recall that a k-multivector field on M is a section X ∈ X k (M ) of the kth exterior power of the tangent bundle Λ k T M . The Schouten bracket [ , ] is the extension of the Lie bracket from X(M ) to a bilinear form on X * (M ) = Λ * T M according to the rule that
The interior product and Lie derivative extend to this setting according to the rules
See [21, Appendix A] for more information on the Schouten bracket and for various identities of multivector field operations.
The action of a Lie group G on M is said to be a multisymplectic action if it acts by multisymplectomorphisms. A vector field X ∈ X(M ) is called a multisymplectic vector field, or an infinitesimal symmetry, if L X ω = 0.
If X ∈ X(M ) is multisymplectic, then the closedness of ω implies dι X ω = L X ω = 0, so that ι X ω is locally exact. The case of global exactness is distinguished by the following definition.
Definition 2.4. Let α ∈ Ω k−ℓ−1 (M ) and X ∈ X ℓ (M ) for some ℓ ≤ k. If dα = ι X ω, then we say that α is a Hamiltonian form for X and that X is a Hamiltonian multivector field for α.
We will denote by Ω k−1 H (M ) the space of Hamiltonian (k − ℓ − 1)-forms and fields. Less frequently, we write X ℓ (M ) for the space of ℓ-vector fields on M .
is Hamiltonian if and only if dα x lies in the image of ι ω for every x ∈ M . In this situation, by the nondegeneracy of ι ω, the vector field X ∈ X(M ) associated to α is uniquely defined, and the preceding discussion shows that X is an infinitesimal symmetry of (M, ω). The Hamiltonian forms associated to X consists precisely of α + β ∈ Ω k−1 (M ) for dβ = 0.
2. In the symplectic setting, every function is a Hamiltonian 0-form. A comparison of the rank of T M with that of Λ k T * M shows this property to be unique to the cases k = 1 and k = n − 1.
Proof. The nondegeneracy of ω and the identity ι X ω = dα = df ∧ η together imply that the vanishing set of X ∈ X includes the critical set of f , which is nonempty by the compactness of M .
If h ∈ C ∞ (M ) is a function on a symplectic manifold (M, ω) then we may consider the triple (M, ω, G) as an abstract mechanical system. The dynamics, or equations of motion, of (M, ω, G) is the associated Hamiltonian vector field X h ∈ X H (M ). A Hamiltonian curve, or solution of the equations of motion, is an immersion φ :
Adapting the terminology of [57] , if G acts symplectically on (M, ω) preserving h then we consider (M, ω, G, h) to be an abstract mechanical system with symmetry. The consideration of the field theoretic case motivates the following definition. 
If the Lie group G acts multisymplectically on (M, ω) and preserves h then we call (M, ω, G, h) an abstract field theory with symmetry.
We refer to [54, Section 2.3] and [27] for physical origins of this terminology.
Remark 2.2. 1. Note that the bracket is well-defined since the associated Hamiltonian vector field X α is unique. If ω is ℓ-nondegenerate, that is, if the natural map ι ω describes an inclusion of Λ ℓ T M in Λ k−ℓ , then we obtain a well-defined bracket on
2. Our definition of { , } differs from the usual assignment (α, β) → ι Xα dβ, which is antisymmetric but satisfies the Jacobi identity only up to the addition of exact terms. Our choice of bracket will be shown to satisfy the Jacobi identity but is antisymmetric only up to exact terms, as
Both constructions coincide with the Poisson bracket in the symplectic case. See [51] for a comparison of the two and [11] for a similar construction. 
and the Jacobi identity follows as
iii. if X is tangent to L, then X| L ∈ X(L) is the Hamiltonian vector field associated to j * f ∈ C ∞ (L) with respect to the presymplectic structure j * σ ∈ Ω 2 (L).
Proof.
i. Fix x ∈ L. From the nondegeneracy of ω we deduce that η is nonvanishing and it follows from
ii. This follows from the fact that
iii. For X ∈ T x L, then the previous assertion yields dj * f = j * ι X σ = ι X j * σ.
Remark 2.3. A similar argument shows that ισ : F → T * M is an inclusion of vector bundles. The closed form j * σ is nondegenerate, and hence symplectic, when restriction along the fibers T * M → F * yields an isomorphism F → T * M → F * .
Hamiltonian Systems
We begin with the fundamental construction of this paper.
The moment map associated toμ is the differential form
Together these data constitute a multisymplectic Hamiltonian system (M, ω, G, µ). [22] from the physical context (see also [45, Equation 4 .50]), and coincides with the construction of [20] consisting of a Coad-equivariant action of G on a multisymplectic manifold (M, ω) together with a momentum map µ.
Other constructions include multi-moment maps [37, 38] , homotopy moment maps [9] , and weak moment maps [28, 29] . See [39] for a comparison of the latter two.
If µ ∈ Ω k−1 (M, g * ) is a moment map, the associated comoment map is given byμ(ξ) = µ ξ , the pointwise contraction of µ with ξ ∈ g. 
ii. Let (G, ω) be a semisimple Lie group with the canonical bi-invariant 2-plectic structure.
Since ω is bi-invariant, the left regular action of G on itself is multisymplectic. The fundamental vector field ξ ∈ X(G) associated to ξ is the right invariant vector field extending −ξ ∈ T 1 G. Using the Ad-invariance of , we obtain
for every ξ, ζ ∈ g, it follows that θ , · ∈ Ω 1 (G, g * ) is a moment map for the left regular action of G. Likewise, θ, · is a moment map for the right regular action, and θ − θ, · is a moment map for the adjoint action.
iii. The smooth action of a Lie group G on a fiber bundle E → Σ lifts to an action on
and we conclude that
defines a moment map µ ∈ Ω k−1 (Λ k ℓ T * E, g * ) for the action of G on Λ k ℓ T * E. More generally, any smooth action of a Lie group G on an exact k-plectic manifold (M, −dθ) that preserves the potential θ admits the moment map ιθ ∈ Ω k−1 (M, g * ). The induced action of G on Λ k−1 T * M and the coadjoint action of G on g * together yield an action of G on g * ⊗ Λ k−1 T * M .
we deduce that L ξ µ, ζ = ad * −ξ µ, ζ and the result follows as G is connected.
Indeed, for connected G the identity dµ ξ = ι ξ ω yields the equivalent characterization of the moment map as a G-equivariant form µ ∈ Ω k−1 (M, g * ) satisfying dµ(X 1 , . . . , X k ), ξ = (−1) k ω(X 1 , . . . , X k , ξ)
for all X 1 , . . . , X k ∈ X(M ) and ξ ∈ g.
For the remainder of this section we restrict our attention to a distinguished class of moment maps, given as follows.
Definition 3.5. We say that the moment map µ ∈ Ω k−1 (M, g * ) splits if µ = ν ∧ η for some ν ∈ C ∞ (M, g * ) and some closed η ∈ Ω k−1 (M ). We say that µ = ν ∧ η is an
We call the associated Hamiltonian system a split Hamiltonian system.
The closedness of η implies that the kernel distribution F = ker η ⊆ T M satisfies
at all x ∈ M , so that F is involutive. We make a simple but descriptive observation.
ii. basic, and if G is connected, then G fixes the leaves of F.
Proof.
i. This is immediate from the invariance of η.
ii. The condition ι ξ η = 0 is precisely that ξ x ∈ F for every x ∈ M . ii. Following [23, Definition 1.2.6], we define a symplectic fibration to be a smooth fiber bundle π : M → Σ equipped with a 2-form σ ∈ Ω 2 (M ) which restricts to a symplectic structure on fibers and which satisfies
is the lift of a volume form on Σ. Since the span of any k + 2 linearly independent tangent vectors at x has at least 3-dimensional intersection with V x M , the condition above implies that dσ ∧ η = 0. Since σ ∧ η is nondegenerate in both the vertical and in any complementary horizontal directions, we conclude that ω = σ ∧ η is a k-plectic structure on M .
The kernel distribution of η is the vertical tangent bundle V M ⊆ T M of π : M → Σ. The leaves of ker η coincide with the fibers of π. Proof. This is an immediate consequence of Proposition 2.10. Lemma 3.9. If G is connected and µ = ν ∧ η is an invariant splitting then the map
is equivariant on the complement of the fixed point set of G.
Proof. If x ∈ M is not fixed by G, then there is a ξ ∈ g for which ξ x = 0. Since the condition that dν ξ ∧ η = ι ξ ω = 0 implies that η is nonzero at x, the result follows as
Proposition 3.10. If µ = ν ∧ η is a basic splitting then
is an equivariantly closed differential form.
Proof. From ι ξ µ = ν ∧ ι ξ η = 0, we have
for all ξ ∈ g.
We will have more to say about equivariant cohomology in Section 6. As in the symplectic setting [4] , we obtain stronger results for abelian group actions T . Proposition 3.11. If the action of a torus T on a compact multisymplectic manifold (M, ω) admits a split moment map µ = ν ∧ η, then the fixed point set of T is nonempty.
Proof. Fix a generator ξ ∈ t of T , so that ξ generates the orbits of T in M . Since µ ξ = ν ξ ∧η is proportional to the closed form η, Proposition 2.5 implies that ξ has nonempty vanishing set which, by the connectedness of T , constitutes the fixed point set of the action of T .
Reduction
Let (M, ω, G, µ) be a multisymplectic Hamiltonian system and φ ∈ Ω k−1 (M, g * ) a closed form. By identifying φ with its image in g * ⊗ Λ k−1 T * M , and by considering µ as a smooth function from M to g * ⊗ Λ k−1 T * M , we denote by µ −1 (φ) ⊆ M the set of points on which µ and φ agree. That is,
We now present our main result. 
Proof. First observe that the conditions on the inclusion i and the action of G imply that M φ is a smooth manifold. The action of G φ preserves µ −1 (φ) by the equivariance of µ :
for all ξ ∈ g φ . Thus we have shown i * ω to be horizontal and equivariant and it follows by the smoothness of the quotient map π that i * ω descends to M φ . Since π * : T µ −1 (φ) → T M φ is surjective on fibers, it follows that the dual map π * : T * M φ → T µ −1 (φ) is injective. We conclude that ω 0 is unique and that dπ * ω φ = 0 implies dω φ = 0.
We call M φ the reduced space and ω φ the reduced (k + 1)-form or the reduced premultisymplectic structure. Note that ω φ is not necessarily a multisymplectic structure, since it may be degenerate. This property is shared with the theory of polysymplectic reduction [40] . i. The reduction of (M, σ ℓ , G, ℓν ∧ σ ℓ−1 ) at the level φ = ℓλ ∧ σ ℓ−1 , where we identify λ ∈ g * with the corresponding constant function on M , is the symplectic reduced space M λ equipped with the premultisymplectic structure σ ℓ λ , which is either nondegenerate or constantly zero.
ii. Let T ⊆ G be a subtorus of a compact connected Lie group G. Thus, θ| t ,θ| t ∈ Ω 1 (G, t * ) are closed and ker (θ − θ)| t = ker Ad| t = N G T,
where N G T ⊆ G is the normalizer of T in G, and where Ad| t : G → End(t, g) is the application of the adjoint map on t ⊆ g. If T acts on G by left multiplication, with moment map µ = θ | t , ∈ Ω 1 (G, t * ), then the T -invariance of θ| t and the property that
imply that the reduced space is G θ|t = N G (T )/T . In particular, if T is a maximal torus then the reduced space is given by the Weyl group W (G, T ) and the reduced premultisymplectic structure is the zero form.
iii. Consider the lift of an action of G on E → Σ to the total space of Λ k ℓ T * E → E. The 0-level set of the canonical moment map µ : γ → −ι ξ E γ contains precisely the G-horizontal elements of Λ k ℓ T * E, with respect to the action of G on E, and thus the associated reduced space is 
Proof.
i. It suffices to consider X = X 1 ∧ . . . ∧ X ℓ ∈ X ℓ (M ) where each X i ∈ X(M ) is G-equivariant and tangent to µ −1 (φ). Equivariant implies that the restriction of X to µ −1 (φ) descends by π : µ −1 (φ) → M φ to π * X 1 ∧ . . . ∧ π * X ℓ . Using the identity i * µ = i * φ, we further deduce that ι ξ i * dα = i * ι ξ ι X ω = −ι X i * dφ ξ = 0 and it follows again by equivariance that dα descends to M φ . The identity dα = ιXω φ is clear.
ii. The equality L X (µ ξ − φ ξ ) = {α, µ ξ − φ ξ } = 0 implies that X is tangent to µ −1 (φ), and the result follows by part i.
We callX the reduced multivector field, or the reduced dynamics, associated to α. If α descends toᾱ ∈ Ω(M φ ) then we callᾱ the reduced Hamiltonian. 
ii. λ is a regular value of ν, in particular ν −1 (λ) ⊆ M is smooth, and
The freeness of the induced Lie algebra action ξ → ξ along µ −1 (λ ∧ η) implies that
and consequently that η is nonvanishing along µ −1 (λ ∧ η). The reverse inclusion follows.
ii. Part i. implies that the action of G is locally free on ν −1 (λ). Thus, if x ∈ ν −1 (λ) then ν * : T x M → T λ g * is surjective since the condition
at x implies that the dual map
iii. We deduce from the G-invariance of η that G λη = G λ , and the result follows by part i.
Variation of the Reduced Space
Let (M, ω, G, µ) be a multisymplectic Hamiltonian system. Our aim in this section is to investigate the dependence of the reduced space M φ = µ −1 (φ)/G φ on the closed form φ ∈ Ω k−1 (M, g * ). Our notation and approach follow [18, Section 2]. We begin with an example. Before specializing to torus actions, let us first consider the general situation. Fix two Ginvariant closed forms φ, ψ ∈ Ω k−1 (M, g * ) such that µ −1 (φ) and µ −1 (ψ) ⊆ M are embedded submanifolds on which G acts freely, let ǫ > 0, let ℓ ⊆ Ω k−1 (M, g * ) be the affine hull of φ − ǫψ and φ + ǫψ in Ω k−1 (M, g * ), and suppose the diagram
endows µ −1 (ℓ) → ℓ with the structure of a trivialized fiber bundle with typical fiber µ −1 (φ). As the diagram is equivariant we may take quotients by G and descend to cohomology along the fibers to obtain
where H 2 v (M ℓ ) denotes the second µ-vertical cohomology of M ℓ = µ −1 (ℓ)/G. A key observation of [18] is that that this trivialization is independent of the original identification
Thus, while the variation of the reduced form in terms of this trivialization,
depends on the particular identification of µ −1 (ℓ) with µ −1 (φ) × ℓ, the variation of the cohomology, ∂ ψ [ω φ ] ∈ H k+1 (M φ ), depends only on φ and ψ. We will also consider the case in which the 1-dimensional parameter space ℓ is replaced by a neighborhood P on an affine subspace of Ω k−1 (M, g * ) modeled on g * .
in terms of this trivialization, where π : µ −1 (φ) → M φ is the quotient map on the model space.
Proof. This follows as With this in mind, our approach is to introduce suitable auxiliary data on (M, ω, T, µ) which will enable us to relate the Chern class of µ −1 (φ) → M φ to the variations of [ω φ ]. This will take the form of a strongly conjugate distribution g * ⊆ T M to the fundamental distribution g, defined as follows.
Definition 5.3. Let (E, ω) be a k-plectic vector space. We will say that two subspaces U and V ⊆ E are conjugate subspaces if the pairing
is nondegenerate and of rank 1. In this case, we say that any nonzero element η ∈ Λ k−1 E * in the image of this map conjugates U and V . If, additionally, there is a σ ∈ Λ 2 E * such that ι Y ι X ω = σ(X, Y ) η for every X ∈ U and Y ∈ V then we say that U and V are strongly conjugate subspaces.
If η conjugates U and V ⊆ E, then
defines a nondegenerate bilinear pairing , : U × V → R. Note that this pairing depends by a factor of ±1 on the order in which X and Y are applied to ω. If U and V are strongly conjugate, with ι Y ι X ω = σ(X, Y ) η, then σ extends the pairing , to E in a one-sided manner in the sense that the following diagrams commute.
Here the diagonal maps Z → ι Z σ represent contraction with σ, and the vertical maps are the natural restrictions. 
If G acts locally freely, so that the fibers of the fundamental distribution g are linearly isomorphic to g, and if η ∈ Ω k−1 (M ) conjugates g with a distribution U ⊆ T M then the fibers of U are naturally identified with g * . In this case, we write λ ∈ X(M ) for the image of λ ∈ g * under this identification and we denote U by g * . Note that the assignment λ → λ depends on the choice of both U and η.
We now specialize to abelian actions. Let T be a torus.
Lemma 5.5. Suppose a T -equivariant distribution t * ⊆ T M is strongly conjugate to t on a neighborhood of µ −1 (φ) ⊆ M with respect to a T -invariant form η ∈ Ω k−1 (M ), and suppose that T acts freely on µ −1 (φ).
i. There is a T -invariant α ∈ Ω 1 (M, t) with
) is tangent to the affine action of t * on Ω k−1 (M ) given by λ + ψ = λ ∧ η + ψ.
Proof.
i. The strong conjugacy condition guarantees a σ ∈ Ω 2 (M ) with ι ξ ι λ ω = ι ξ ι λ σ∧η. Since t * is equivariant, since η and ω are invariant, and since T is compact, we may assume that σ is invariant by averaging over the action of T . The form α ∈ Ω 1 (M, t) is defined at each x ∈ M by
ii. This follows by the T -invariance of α and the fact that
Note that the freeness of T ensures that η is nowhere vanishing on µ −1 (0).
iii. Since η x = ι ξ ι λ ω x for some ξ ∈ g and λ ∈ g * , we have
so that i * η descends along π : µ −1 (φ) → M φ by equivariance. The uniqueness and closedness of η φ both follow from the injectivity of π * : T M φ → T µ −1 (φ) and the closedness of i * η.
iv. Using part ii., part iii., and the closedness of η, we obtain
By Lemma 5.2 and the injectivity of π * , we conclude that
is the curvature of the connection 1-form i * α.
Consolidating the above developments, we arrive at the main result of this section. 
Proof. This follows from of Lemma 5.5 part iv. and the observation that the Chern form c ∈ H 2 (M φ , t), as an invariant of T -principal bundles, does not depend on the choice of model space µ −1 (φ) → M φ for φ ∈ P .
Localization for Split Hamiltonian Systems
In this section we collect some observations and results relating to the interaction of equivariant localization with multisymplectic geometry. The statements and proofs are straightforward adaptations of corresponding results in symplectic geometry, and can serve as guides for further generalizations. We refer to [7, Chapter 7] and [19, Chapter 9] for background on equivariant differential forms.
is equivariantly closed for all z ∈ C.
Proof. From d g η = 0 and
The result follows by summing over ℓ ≥ 0, since d g (σ + ν) 0 ∧ η = 0.
The following corollary is a adaptation of [19, Theorem 10.11] . See [7, Section 7.4 ] for more general results in the symplectic setting, and [26, Section 33] for background on the physical context for stationary phase approximations more generally. Suppose that µ = ν ∧ η splits, that ν −1 (0) ⊆ M is an embedded submanifold on which G acts freely, and that η conjugates g with some distribution g * ⊆ T M | ν −1 (0) along ν −1 (0). If additionally ω = σ ∧ η for some σ ∈ Ω 2 (M ), if the form α ∈ Ω 1 (M, g)| ν −1 (0) given at each x ∈ ν −1 (0) by
under the natural identification of g ⊗ T *
x M with Hom(g * , T * x M ), is G-equivariant with respect to the adjoint action of G on g, and if α vanishes on g * , then we will say that α is the (extended) connection 1-form associated to σ. We equip g with a G-invariant metric, which exists by the compactness of G, and we endow g * with its dual. Proof. First recall that Proposition 4.4 ensures ν −1 (0) = ν −1 (0), and that η is nowhere vanishing on ν −1 (0) since the action of G on ν −1 (0) is free.
ii. Proposition 4.4 ensures that ν −1 (0) is smooth and the result follows by part i.
iii. This is a consequence of ι λ ι ξ ω = ξ, λ η.
iv. From
ι λ L ξ α, ν = − ad ξ α(λ), ν = 0 and part iii., we obtain
and the result follows by part i.
v. Since g and g * are strongly conjugate with respect to σ and η, part iv. yields
vi. The restriction π * | A : A → T M 0 is a linear isomorphism on fibers, ι g i * σ = 0, and π * σ 0 = i * σ.
We apply this lemma to obtain the following structure result. Proposition 6.4. If ω = σ ∧ η for some σ ∈ Ω 2 (M ) with associated connection 1-form α ∈ Ω 1 (M, g)| ν −1 (0) , and if σ descends to σ 0 ∈ Ω 2 (M 0 ), then
where A = ker α. If additionally ω = σ ∧ η and σ ∈ Ω 2 (M ) descends to σ 0 ∈ Ω 2 (M 0 ), then
Proof. The first assertion follows from part ii. of Lemma 6.3, the second from parts v. and vi.
We now extend a nonabelian localization theorem of Liu, following very closely the derivations of [34, Lemma 2] and [35, Proposition 1] . This result was motivated originally in the symplectic setting by previous work of Witten [60] and Jeffrey-Kirwan [31] .
ii. e t y 2 = (4πt) −ℓ/2 V e − x 2 /4t e x,y dx.
Proof. Let , denote the C-bilinear extension of the Euclidean structure on V to the complexification V C , and write z 2 = z, z for z ∈ V C . Notwithstanding our notation, note that , is not a Hermitian structure on V C .
ii. The equality
We now consider the right-hand side. Note that Lemma 6.3 part iii. implies that η is basic.
Proof. We adapt the argument of [34, Section 3] . Identifying the fibers of ν −1 (0) → M 0 with G and choosing suitable orientations on G and g * yields e α,dλ = −dvol G dvol g * + lower degree terms.
Since [α ∧ α], λ j e π * F,λ e α,dλ vanishes at top degree for j > 0, we have e d α,λ = e π * F,λ e − [α∧α],λ e − α,dλ = e π * F,λ dvol G dvol g * + LDT on ν −1 (0) × B δ . Applying Lemma 6.7 part ii. and Varadhan's formula for the short time asymptotics of the heat kernel [55] , we obtain Lemmas 6.6 and 6.8 together yield Theorem 6.5.
Outlook
We suggest five directions for further development.
1. Nondegenerate and generalized reduction. Perhaps the most immediate question is whether it is possible to obtain precise conditions on a multisymplectic Hamiltonian system under which a reduced premultisymplectic form is nondegenerate. A related problem is to determine those conditions under which a reduced Hamiltonian multivector field is guaranteed to be Hamiltonian. It would be interesting if such conditions could be interpreted in terms of classical field theory or Nambu mechanics.
In the opposite direction, as observed in Remark 4.2 the hypotheses of the multisymplectic reduction theorem can be significantly weakened. It would be interesting to see how far this can be taken and what form the associated theory of generalized Hamiltonian systems takes. It may also be interesting to investigate foliations tangent to the kernel distribution of an auxiliary component η ∈ Ω k−1 (M ) of a split moment map µ = ν ∧ η.
2. Geometry of split moment maps. Many results of symplectic geometry involve the comparison of the values of the moment map µ : M → g * at different points of the M . For example, the convexity of the image of the moment map [3, 24] , the classification of toric symplectic manifolds [17] , and the Kirwan surjectivity theorem [32] . Split Hamiltonian systems (M, ω, G, ν ∧η) provides a natural setting for the reinterpretation of these statements in the k-plectic setting: specifically, in terms of the function ν : M → g * under various conditions on the auxiliary form η ∈ Ω k−1 (M ).
3.
Homotopy moment maps and weak moment maps. Invoking the theory of L ∞algebras, Callies, Frégier, Rogers, and Zambon have introduced the homotopy moment map [9] . Employing the framework of Lie algebra cohomology, Madsen and Swann have developed the multi-moment map [37, 38] . Generalizing both of these, Herman has introduced the weak (homotopy) moment map [30] . The homotopy moment map and the weak moment map each refine our construction of the multisymplectic comoment map with the addition of a family of functions involving the Lie algebra of the acting group G and the space of differential forms on the underlying manifold M . It would be interesting to explore the interaction between these more nuanced approaches to the moment map and the framework of multisymplectic reduction.
4.
Infinite-dimensional symplectic geometry. Multisymplectic manifolds first arose in classical field theory through the multimomentum space, a finite-dimensional bundle the sections of which form an infinite-dimensional space of fields. The solutions of the field equations often possess a canonical symplectic structure [27] . In this setting, the physical situation is modeled by a finite-dimensional multisymplectic and an infinitedimensional symplectic Hamiltonian system. It would be interesting to determine the extent to which the multisymplectic and symplectic reduction procedures yield equivalent reduced spaces.
It may also be interesting to investigate the relation between certain infinite-dimensional symplectic manifolds and finite-dimensional multisymplectic manifolds more generally. The case of a symplectic fibration equipped with a volume form on its base, as exhibited in Example 3.7 part ii., and the induced symplectic structure on the associated space of sections presents a natural domain of applications. Interactions between multisymplectic geometry, hydrodynamics, and knot theory have appeared in [49] , which may suggest further interesting applications. General introductions to infinite-dimensional symplectic geometry are presented in [13, 42] .
5.
Quantization. Approaches to multisymplectic quantization have been advanced by Barron and Seralejahi [5] , Barron and Shafiee [6] , de Bellis, Samann, and Szabo [15, 16] , Hélein [27, Section 3], Rogers [52] , and Serajelahi [56] . It would be interesting to understand the interaction between these theories and multisymplectic reduction. One natural question, for example, is to determine conditions under which a suitably reformulated Guillemin-Sternberg [Q, R] = 0 conjecture [25] obtains in the multisymplectic setting.
